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HEIGHTS OF POINTS ON ELLIPTIC CURVES OVER Q
MICHAEL GRIFFIN, KEN ONO AND WEI-LUN TSAI
Abstract. In this note we obtain effective lower bounds for the canonical heights of
non-torsion points on E(Q) by making use of suitable elliptic curve ideal class pairings
ΨE,−D : E(Q)× E−D(Q) 7→ CL(−D).
In terms of the class number H(−D) and TE(−D), a logarithmic function in D, we prove
ĥ(P ) >
|Etor(Q)|2
(H(−D) + |Etor(Q)|)2
· TE(−D).
1. Introduction and statement of results
Throughout, suppose that E/Q is an elliptic curve given by
(1.1) E : y2 = x3 + a4x+ a6,
where a4, a6 ∈ Z, with j-invariant j(E) and discriminant ∆(E). Furthermore, suppose that
E(Q) has positive Mordell-Weil rank. Each point P ∈ E(Q) has the form P = ( A
C2
, B
C3
),
with A,B,C integers such that gcd(A,C) = gcd(B,C) = 1. The naive height of P is
H(P ) = H(x) := max(|A|, |C2|). The logarithmic height (or Weil height) is hW (P ) =
hW (x) := logH(P ), and the canonical height is
(1.2) ĥ(P ) := 1
2
lim
n→∞
hW (nP )
n2
.
A conjecture of Lang (see page 92 of [10]) asserts that the canonical height ĥ(P ) of every
non-torsion point P ∈ E(Q) satisfies
(1.3) ĥ(P ) > C1 log(∆(E)) + C2,
where C1 > 0 and C2 are absolute constants. In a deep paper, Silverman [11] proved Lang’s
general conjecture for every elliptic curve with (algebraic) integral j-invariant. Hindry and
Silverman [9] later proved the conjecture assuming the truth of the abc Conjecture.
We revisit the more modest problem of deriving explicit lower bounds for such heights.
To place this challenging problem in context, we recall earlier work on this question. In
1980, Anderson and Masser proved [1] that
(1.4) ĥ(P ) >
γE
log(3)6
,
where γE is an effectively computable positive constant that depends on estimates for the
Weierstrass ℘-function and σ-function, and inequalities from transcendental number theory.
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More recently, Autissier, Hindry, and Pazuki [2], proved (in the case of K = Q) that
(1.5) ĥ(P ) >
c · |Etor(Q)|2
h log(3)2
· log(3h) 43 ,
where c > 0 is an absolute constant, and h := max{1, hW (j(E))}. Here hW (·) denotes the
Weil height of an algebraic number. These results, which are generally orders of magnitude
smaller than the minimal heights of non-torsion points, illustrate the difficulty of the task.
We apply elliptic curve ideal class pairings (see (2.2) and (2.3)), maps of the form
ΨE,−D : E(Q)×E−D(Q) −→ CL(−D),
where CL(−D) denotes the SL2(Z) equivalence classes of the discriminant −D < 0 positive
definite binary quadratic forms, and E−D is the −D quadratic twist of E. The lower bounds
we obtain are completely explicit and straightforward to calculate. These results rely on
upper bounds, over all P ∈ E(Q), for 1
2
hW (P ) − ĥ(P ). To this end, we define the non-
negative real number1
(1.6) δ(E) := max
P∈E(Q)
(
1
2
hW (P )− ĥ(P )
)
,
and the logarithmic function
(1.7) TE(−D, t) := log
(
D
4(t + 1)2
)
− 4δ(E).
Theorem 1.1. Suppose that E(Q) has positive rank. If P ∈ E(Q) is a point of infinite
order, and t is a positive integer for which D = D(t) := 4(t3 + a4t− a6) satisfies
4(t+ 1)2 exp(4δ(E)) < D < (t+ 1)2t2,
then
ĥ(P ) ≥ |Etor(Q)|
2
(H(−D) + |Etor(Q)|)2 · TE(−D, t).
Remark. The TE(−D) in the abstract is any choice of TE(−D, t) in the theorem above.
Example. We offer a typical example of Theorem 1.1 with the elliptic curve
E/Q : y2 = x3 − 3x− 4.
Its Mordell-Weil group E(Q) has rank 1 and no non-trivial torsion. Its generator P1 =
(8, 22) has ĥ(P1) ≈ 1.107. Proposition 1.3 will show that δ(E) = 0. We may choose D(3) =
D = 88, and use the fact that H(−88) = 2 to obtain ĥ(P ) ≥ 0.043 for all non-torsion
points P ∈ E(Q). As with existing results, we see that Theorem 1.1 generally gives bounds
which are far from optimal.
Using the trivial upper bound for class numbers, we obtain the following corollary.
1The value 0 is attained by the identity in E(Q).
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Corollary 1.2. If E(Q) has positive rank and t is any positive integer for which
4(t+ 1)2 exp(4δ(E)) < D(t) < (t+ 1)2t2,
then for every non-torsion point P ∈ E(Q) we have
ĥ(P ) >
π2|Etor(Q)|2
(
√
D(t)(logD(t) + 2) + π|Etor(Q)|)2
· TE(−D(t), t).
To be useful, we need explicit upper bounds for δ(E) which do not require the precalcu-
lation of E(Q). Thanks to a well-known theorem of Silverman (see Theorem 1.1 of [13]),
we have such a bound. If P ∈ E(Q), then
(1.8) 0 ≤ δ(E) ≤ 1
8
hW (j(E)) +
1
12
hW (∆(E)) + 0.973.
Using this bound for δ(E) in Theorem 1.1 and Corollary 1.2, one obtains explicit uniform
results. As suggested by the lower bounds in Corollary 1.2, one may choose the smallest
positive integer t which satisfies the double inequality for D(t). We conclude by noting that
there are natural situations which guarantee that δ(E) = 0, thereby relaxing the conditions
we require for t. In such cases, we generally obtain a sizable improvement to these uniform
lower bounds.
To make this precise, we elaborate and expand on an example of Buhler, Gross and
Zagier [5], which is based on a method of Tate (for example, see [12]). Using (1.1), we
define the function
(1.9) FE(x) :=
1
2
log |x|∞ + 1
8
∞∑
n=0
log |zn|∞
4n
,
where | · |∞ is the usual archimedean valuation of R, and where for n ≥ 0 we let
x0 = x, zn = 1− 2a4
x2n
− 8a6
x3n
+
a24
x4n
, and xn+1 =
x4n − 2a4x2n − 8a6xn + a24
4(x3n + a4xn + a6)
.(1.10)
If x = x(P ), the x-coordinate of P ∈ E(Q), then these expressions imply that xn = x(2nP ).
Under suitable circumstances, we find that
FE(xn)− log |xn|∞/2
is rapidly convergent, as n → +∞, allowing us to compute ĥ(P ), and under special cir-
cumstances guarantee the vanishing of δ(E).
For any finite place v, we let E0(Qv) be the open subgroup of E(Qv) consisting of points
whose reduction is non-singular. Since E(Qv) is compact, the quotient group E(Qv)/E0(Qv)
is finite. The Tamagawa number cv := |E(Qv)|/|E0(Qv)| is the order of this quotient. In
terms of Tamagawa numbers and the number of real connected components of E, we obtain
the following criteria that guarantee the vanishing of δ(E).
Proposition 1.3. Suppose that E/Q has the property that cv = 1 for every finite place v
of bad reduction. Then the following are true.
(1) Suppose that E(R) has one connected component and that
a4 ≤ 0, (α,∞) ⊂
{
x ∈ R : 2a4x2 + 8a6x− a24 < 0
}
,
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where α is the real root of x3 + a4x+ a6. Then for every P ∈ E(Q) we have
ĥ(P ) ≥ 1
2
hW (P ).
(2) Suppose that E(R) has two connected components, and that
a4 ≤ 0, (γ, β) ∪ (α,∞) ⊂
{
x ∈ R : 2a4x2 + 8a6x− a24 < 0
}
,
where γ < β < α are the real roots of x3 + a4x+ a6. Then for every P ∈ E(Q) we
have
ĥ(P ) ≥ 1
2
hW (P ).
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2. Proof of Theorem 1.1, Corollary 1.2, and Proposition 1.3
2.1. Nuts and Bolts. The class numbers h(−D) of the imaginary quadratic fieldQ(√−D)
counts the equivalence classes of integral positive definite binary quadratic forms of fun-
damental discriminant −D. The Hurwitz-Kronecker class number H(−D) for (possibly
non-fundamental) negative discriminants counts the number of discriminant −D forms,
where each class C is counted with multiplicity 1/Aut(C). Hurwitz class numbers sat-
isfy a particularly nice multiplicative formula relative to class numbers with fundamental
discriminant. If −D = −D0f 2, where −D0 is a negative fundamental discriminant, then
(2.1) H(−D) = h(−D0)
ω(−D0) ·
∑
d|f
µ(d)χ−D0(d)σ1(f/d),
where µ(·) is the Mo¨bius function, ω(−D0) is half the number of units in Q(
√−D0), χ−D0(·)
is the corresponding Kronecker character, and σ1(n) is the sum of positive divisors of n.
The authors have previously [6, 7] obtained lower bounds for h(−D) and H(−D) using
elliptic curve ideal class pairings
(2.2) ΨE,−D : E(Q)× E−D(Q) −→ CL(−D),
where CL(−D) is the discriminant −D < 0 class group of binary quadratic forms and E−D
is the −D quadratic twist of E. Such pairing were introduced and previously studied by
Buell, Call and Soleng [3, 4, 14]. Instead of obtaining lower bounds for class numbers, here
we combine these maps with upper bounds for class numbers to derive information about
the canonical height of points on E(Q).
To make this precise, for discriminants −D < 0 we let E−D be the quadratic twist (with
nonstandard normalization)
E−D : −D ·
(y
2
)2
= x3 + a4x+ a6.
Let P = ( A
C2
, B
C3
) ∈ E(Q), with A,B,C ∈ Z, and Q = (u, v) ∈ E−D(Q), with u, v ∈ Z.
Moreover, suppose that v 6= 0, with v even if −D is odd. If we let α := |A − uC2|
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and G := gcd(α, v2), then there are integers ℓ for which FP,Q(X, Y ) defined below is a
discriminant −D positive definite integral binary quadratic form.
(2.3) FP,Q(X, Y ) =
α
G
·X2 + 2w
3B + ℓ · α
G
C3v
·XY +
(
2w3B + ℓ · α
G
)2
+ C6v2D
4C6v2 · α
G
· Y 2.
If P is the point at infinity, then we further define
FP,Q(X, Y ) = X
2 + ℓ ·XY + D + ℓ
2
4
· Y 2.
The following theorem was previously proved by two of the authors (see Theorem 2.1 of
[6]).
Theorem 2.1. [Theorem 2.1 of [6]] Assuming the notation and hypotheses above, FP,Q(X, Y )
is well defined (e.g. there is such an ℓ) in CL(−D). Moreover, if (P1, Q1) and (P2, Q2)
are two such pairs for which FP1,Q1(X, Y ) and FP2,Q2(X, Y ) are SL2(Z)-equivalent, then
α1
G1
= α2
G2
or α1α2
G1G2
≥ D/4.
2.2. Proof of Theorem 1.1. To obtain Theorem 1.1, we apply this result to points of
the form (if any) Q = (−t, 1) ∈ E−D(Q), where t ∈ Z+. It is equivalent to show that
H(−D) ≥ |Etor(Q)| ·
(√
TE(−D, t)
ĥ(P )
− 1
)
.
We prove this inequality following the proofs of Theorem 4.1 and Proposition 3.3 of [6], but
making use of several simplifications and improved bounds possible since we are considering
only the rank 1 lattice generated by the point P . We also note that the δ(E) used in [6] is
an approximation that uses Silverman’s bound given in (1.8), plus 1
2
log 2, which accounts
for the additional factor of 4 appearing in the lower bound of D in the statement of the
theorem.
Let 〈P 〉 denote the subgroup of E(Q) generated by P . Since ĥ(nP ) = n2ĥ(P ), we have
that
#{P ′ ∈ 〈P 〉 | ĥ(P ′) ≤ 1
4
T} = 2
⌊√
T
4ĥ(P )
⌋
+ 1.
This implies that
(2.4) #{P ′ ∈ E(Q) | ĥ(P ′) ≤ 1
4
T} ≥ |Etor(Q)| ·
(
2
√
T
4ĥ(P )
− 1
)
.
The point Q = (t, 1) is a point on ED(t)(Q). If P1, P2 ∈ E(Q) satisfy ĥ(P1), ĥ(P2) ≤
1
4
TE(−D, t), then Theorem 2.1 (following the proof of Theorem 4.1 of [6]) implies that
either F1 := FP1,Q(X, Y ) and F2 := FP2,Q(X, Y ) are inequivalent forms, or P1 = ±P2.
However, we also note that we may take FP,Q(X, Y ) = F−P,Q(−X, Y ). These quadratic
forms are inverses under Gauss’s composition law, and so they are inequivalent unless
P = −P .
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Using (2.4) with T = TE(−D, t), we conclude that
H(−D) ≥ |Etor(Q)| ·
(√
TE(−D, t)
ĥ(P )
− 1
)
.
This completes the proof.
2.3. Proof of Corollary 1.2. Corollary 1.2 follows immediately from the classical upper
bound for the Hurwitz-Kronecker class number.
Lemma 2.2. If −D = −D0f 2 is a discriminant, where −D0 < 0 is fundamental, then
H(−D) ≤
√
D(logD + 2)
π
.
Proof. First, we recall the class number formula (for example, see Theorem 10.1 of [8, p.
321])
h(−D0) = ω(−D0)
√
D0
π
· L(1, χ−D0),(2.5)
where L(s, χ−D0) is the Dirichlet L-function for the quadratic character χ−D0(·) =
(
−D0
·
)
.
Using (2.1) and (2.5), we obtain
H(−D) =
√
D0
π
· L(1, χ−D0) ·
∑
d|f
µ(d)χ−D0(d)σ1(f/d).
Since the summand is a multiplicative function, it turns out that
H(−D) ≤
√
D
π
· L(1, χ−D0) ·
∏
p|f
p:prime
(
1− χ−D0(p)
p
)
≤
√
D
π
· L(1, ψ−D),(2.6)
where ψ−D is a quadratic character modulo D. Furthermore, using Abel summation (for
example, see Theorem 14.3 of [8, p. 330]) we obtain
L(1, ψ−D) ≤
∣∣∣∣∣
D∑
k=1
ψ−D(k)
k
∣∣∣∣∣ +
∣∣∣∣∣ ∑
k≥D+1
ψ−D(k)
k
∣∣∣∣∣ ≤ 1 +
∫ D
1
dx
x
+
D
D + 1
≤ logD + 2.(2.7)
Combining (2.6) and (2.7), we obtain the desired conclusion
H(−D) ≤
√
D(logD + 2)
π
.
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2.4. Proof of Proposition 1.3. The two claims are an elaboration and generalization of
an example of Buhler, Gross and Zagier [5]. For brevity, we prove the first case, as a similar
argument proves the second case. Let P ∈ E(Q) be any rational point. We use the fact
that the canonical height ĥ(P ) can be computed by the sum of local heights; namely,
ĥ(P ) =
∑
v∈MQ
ĥv(P ),
where MQ contains all the places of Q.
Since cv is trivial for every place of bad reduction, we use the Theorem 5.2 b) of [12]
(choosing N = 1 and n = 0) to conclude that the places of bad reduction make no contri-
bution to the height. Furthermore, thanks to the calculation in [5, p. 475], we have
ĥ(P ) = ĥ∞(P ) =
1
2
hW (P ) + FE(x(P ))− 1
2
max(0, log |x(P )|∞).(2.8)
Finally, the assumptions that both
a4 ≤ 0 and (α,∞) ⊂
{
x ∈ R : 2a4x2 + 8a6x− a24 < 0
}
guarantees that x(P ) ≥ 1 hold for all non-torsion points P. Therefore, log |x(P )|∞ ≥ 0 and
FE(x(P ))− 1
2
log |x(P )|∞ ≥ 0.
Hence, by (2.8), the first case follows immediately.
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